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Abstract 

We prove that there exist exactly eight Siegel modular forms with 
respect to the congruence subgroups of Hecke type of the paramodular 
groups of genus two vanishing precisely along the diagonal of the Siegel 
upper half-plane. This is a solution of a question formulated during the 
conference Black holes, Black Rings and Modular Forms" (ENS, Paris, 
August 2007) . These modular forms generalize the classical Igusa form 
and the forms constructed by Gritsenko and Nikulin in 1998. 



Introduction: dd-modular forms 

The first cusp form for the Siegel modular group Sp2(Z) is the Igusa 
form ^iQ. In fact ^'lo = Ag where A5 is the product of the ten even theta- 
constants (see [F]). This modular form has a lot of remarkable properties. 
One of the main features of A5 is that it vanishes (with order one) precisely 
along the diagonal 



of the Siegel upper half-plane M2 = {Z = {I ^) £ M2(C), Im(Z) > 0}. It 
is known that A5 determines a Lorentzian Kac-Moody super Lie algebra 
of Borcherds type. See |GNlj - [GN2j where two lifting constructions of A5 
were proposed 

A,{Z) = Lift(r?9(r)i9(r,z)) = B((Ao,i)(^) 

where rj is the Dedekind eta-function and "i? is the Jacobi theta-series (see 
([7])). This relation gives the two parts of the denominator identity for the 
Borcherds algebra determined by A5. There exists a geometric interpreta- 
tion of this identity in terms of the arithmetic mirror symmetry (see |G"N4] ) . 
Moreover 2(j)o^i is the elliptic genus of a K3 surface and "^^q is related to 
the so-called second quantized elliptic genus of K3 surfaces (see |DMVVj . 
|G4j ) . These facts explain the importance of A5 in the theory of strings 
(see |DVV) . |Ka] ) . During the conference Black holes, Black Rings and 
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Modular Forms" (ENS, Paris, August 2007) there was formulated a prob- 
lem on the existence of Siegel modular forms similar to A5 with respect to 
the congruence subgroup of Hecke type 



Such Siegel modular forms can characterize the black holes entropy and 
the degeneracy of dyons for some class of CHL string compactification (see 

[DJS| . |DSj . |DNj . |DGj ). Mathematically we can reformulate this question 

(2) 

as follows: finding all Siegel modular forms F with respect to Fg (A'^) (with 

a character or a multiplier system) such that F vanishes exactly along the 
(2) 

Tq (N) -translates of the diagonal Tli C IHI2 and with vanishing order one. 

We call such functions dd-modular forms: modular forms with the 
diagonal divisor. A dd-modular form is a natural generalization of A5. In 
this paper we give the complete answer to this problem. 

(2) 

Theorem 0.1 For the congruence subgroups Tq (N) with N > 1 there are 

(2) 

exactly three dd-modular forms: V3 of weight 3 for Fq (2) with a character 

(2) 

of order 2, V2 of weight 2 for Fq (3) with a character of order 2 and V3/2 
(2) 

of weight 3/2 for Fq (4) with a multiplier system of order 4. 

In fact we get a result which is stronger than the theorem above. We give the 
full classification of the dd-modular forms for the Hecke subgroups Ft(A) 
(see ([!]) ) of the symplectic paramodular groups F^ . Theorem 11.41 claims that 
there are exactly eight such dd-modular forms. Four of them, A5 and the 
modular forms A2, Ai and A1/2 of weights 2, 1 and 1/2 with respect to 
the paramodular groups F2, F3 and F4 were constructed in [GN2j . The 
other four modular forms are the three functions of Theorem 0.1 and the 
dd-modular form Qi of weight 1 and character of order 4 with respect to 
the congruence subgroup F2(2) of the paramodular group F2. 

These eight remarkable modular forms can be considered as the best 
possible three dimensional analogues of the Dedekind ?7-function. We expect 
a number of interesting applications of these new functions in the string 
theory, in the theory of Lorentzian Kac-Moody algebras and in algebraic 
geometry. 

The paper contains three sections. In §1 we prove that there might exist 
only nine dd-modular forms with respect to Ft(A^). In §2 using the lifting of 
Theorem 12.21 we construct seven dd- forms and the square of V3/2- Moreover 
using the particular form of Qi we prove that the ninth dd-form does not 
exist. In §3 using Theorem 13.11 about the Borcherds automorphic products 
for congruence subgroup Ff (A^) we construct the last dd-modular form V3/2 
of weight 3/2. 




mod A}. 
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1 Classification of the dd-modular forms 



One of the main idea of our approach (see |G1] -|G3]) is that in order to 
understand better the properties of Siegel modular forms of genus two one 
has to consider not only the modular group Fi = Sp2(Z) and its congru- 
ence subgroups, but the integral symplectic groups Tt, the paramodular 
groups, for all t > 1. In this section we give the complete classification 
of the dd-modular forms for the most natural congruence subgroups of the 
paramodular groups. Let t and N be positive integers. We put 



* *t * 

* * * *t 
*N *Nt * * 
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all * G 



(1) 



The group Tt = ^t{^) is conjugated to the integral symplectic group of 
the integral skew-symmetric form with elementary divisors (see [G2j . 

[GH2] ). The quotient Tt \ H2 is the moduh space of the (1, t)-polarized 
Abelian surfaces. If t = 1 then Ti = Sp2(Z) and ri(iV) = r[)^^(iV) is the 
Hecke subgroup from the introduction. 

Let rt{N)+ = Tt{N) U Tt{N)Vt be a normal double extension of Tt{N) 
in Sp2(M) where 



Vt 



1 

Vt 



1 


Vo 





1 

0; 



G Sp2 



(2) 



Repeating the proof of Lemma 2.2 of |G2j we obtain 



Lemma 1.1 The group Tt{N)^ is generated by Vt and by its parabolic 
subgroup 



vriN) 



/ * * * \ 

* 1 * */t 

N* * * 

V 00 1 y 



G Tt{N), all * G Z 



(3) 



Let r < Sp2(M) be an arithmetic subgroup. In this paper F will be one 
of the groups Tt{N) or Tt{N)~^ . A modular form of weight k (k is integral or 
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half-integral) for the subgroup T with a character (or a multiplier system) 
X : r ^ is a holomorphic function on IHI2 which satisfies the functional 
equation 

iF\k-f){Z) = x{l)F{Z) for any 7 G T. 

We denote by \k the standard slash operator on the space of functions on 
M2: 

(FU7)(^) := det(C7Z + D)-^F{M{Z)) 

where 7 = (^g) e Sp2(M) and M{Z) = {AZ + B){CZ + D^K For a 
half-integral k we choose one of the holomorphic square roots by the con- 
dition y^det(Z/i) > for Z = G EI2. We denote by Mfc(r,x) the finite 
dimensional space of all modular forms of this type. 

A dd-modular form is a particular case of refiective modular forms whose 
divisor is defined by reflections in the corresponding integral orthogonal 
group. In |GN2] - [GN3| we classified the refiective modular forms for the 
paramodular groups Tt- In particular we found all Siegel modular forms for 
the paramodular groups Tt with the diagonal divisor. To classify all possible 
dd-modular forms for the congruence subgroups Tt{N) we use the method 
of multiplicative symmetrization (see |GN21 §3.1]). The next proposition is 
a generalization of Proposition 1.1 of |GH1] in which we studied the case 
N = 1. 

Proposition 1.2 If is a dd-modular form of integral (or half-integral) 
weight k with a character (or a multiplier system) with respect to Tt{N) 
then the triplet (t, N; k) can take one of the nine values 

(1,1;5), (2,1;2), (3,1;1), (4,1;^), (1,2;3), (1,3;2), (1,4;^), 

(2,2;1), (2,4;^). 

The corresponding dd-modular forms are, if they exist, unique up to a scalar. 

Proof. Uniqueness of a dd-modular form for a fixed group follows from the 
Koecher principle (see 0). Let F be a non-zero modular form of weight 
k with respect to Tt{N). We use the following operator of multiplicative 
symmetrization 

[F]i= n ^1^^ where rf"*^(iV) (AT) nSp2(Z). 

7erf"')(7V)\Sp2(z) 

It is clear that [F]i is a non-zero modular form with respect to Fi = Sp2(Z). 
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Lemma 1.3 For any integral t > 1 and N > 1 we have 

p|{tiV) ^ p\(t,N) 

Proof. The diagram of the subgroups shows that 

[rf*)(iv) :rS*)nrt(iV)] 

where T'J ' =TdnT 1 is a subgroup of the paramodular group. It is known 
(see pini §1]) that 

[T,:Tff] = {tNf n + + 

p|(i7V) 

Analyzing the form of the elements in the subgroups we obtain 

[vf;;'^ : rf;;'^ n Vtm = [sl2(z) : ro(A^)] = at jj (i + 1) , 



p\N 



and 



[rf *)(iv) : rf"*) n r^^v] = [m) mN)]. 

This gives us the formula of the lemma. □ 

Let TTt^N ■■ IHI2 AtiN) = TtiN)\M2 be the quotient map. Note that 
At = ^t(l) is the moduli space of (1, t)-polarized Abelian surfaces. For N = 
1 the image vrt,i('Hi) in At parameterizes split polarized Abelian surfaces. 
For t = N = 1 this is the Humbert surface Hi of discriminant 1 in and 
one can consider the divisor tti^i{TCi) as the discriminant of the moduli space 
of curves of genus 2. 

Let us assume that F has a diagonal divisor of multiplicity m > 1, i.e., 
diVyii(Ar) F = m ■ TTt^NCHi). We note that Hi is irreducible in (for the 
theory of Humbert surfaces see |vdG| and |GH2| ) . It follows that div_4^ ( [-^] i ) 
is the Humbert surface Hi with some multiplicity d. Therefore according to 
the Koecher principle 

[F]i{Z) = C ■ A,{Zf 

where C is a non-zero constant. In order to calculate the multiplicity d we 
note that the stabilizer of Tli in Sp2(M) is the group generated by the direct 
product of two copies of SL2(M) in Sp2(M) and the involution J: 

( / a b \ -\ /oioo\ 

SL2(M) X SL2(M) = h/o^ e Sp(M) , J= joo? ' 

IVociOdi/ J VOOlO/ 
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The order of zero of [F]i along Hi is equal to the number of left cosets 
r^'"^\N)M in Sp2(Zr) containing an element from the stabilizer of Tii. 

Therefore we have to find the number of the distinct cosets r[^"'^\N)M 
with M € Stgp^(2-) (Hi). The involution J permuting the diagonal elements 

r and of Z G H2 belongs to rf"*^(Af) if and only if t = 1. If t > 1 then 
r(»"*)(iv)Mi ^ rf"*^(iV)JM2 for any Mi, M2 in SL2(Z) x SL2(Z). It gives 
us the factor 2 if t > 1. Therefore [F]i vanishes along Hi with order 



where S{t) = if t = 1 and S{t) = 1 if t > 1. 

The weight of the symmetrization[F]i equals the weight of F multiplied 
by the index of the subgroup calculated in the above lemma. The relation 
between [F]i and A5 gives us the following identity between the weights of 
these modular forms 



where A; G Z/2 is the weight of F. For any fixed rn simple arguments of 
divisibility show that there exist only a few possibilities for {t,N;k). If F 
is a dd-modular form of weight k (i.e., if m = 1), then there are only four 
triplets {t,N;k) with t = 1 and five more {t,N;k) for t > 1. This proves 



In what follows we construct eight dd-modular forms and we prove that 
a dd-modular form of type (2,4; ^) does not exist. 

Theorem 1.4 For the Hecke congruence subgroups Tt{N) < Tt there are 
exactly eight dd-modular forms. They belong to the spaces 



M5(ri,x2); M2(r2,x4), M3(ri')(2),x2); Mi(r3,x6), M2(r[,'^(3),x2); 
Mi(r4,x8), M3(r(')(4),x4); Mi(r2(2),x4) 



where Xd a character (or a multiplier system ) of order d of the correspond- 
ing modular group. 

To prove this theorem we describe two lifting constructions for the congru- 
ence subgroups of Hecke type of the paramodular groups of genus 2. 

2 Additive construction of dd-modular forms 

The four dd-modular forms for = 1 are the modular forms A5 for Sp2(Z) 
with a character of order 2, A2 for r2 with a character of order 4, Ai for 



d = 2^W m[SL2(Z) : ro(iV)] • [SL2(Z) : ro(tiV)]. 




the proposition. 



□ 
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Fs with a character of order 6 and A for r4 with a multipher system of 
order 8 (see [GN2j ). In this section we construct the dd-modular forms for 
> 1. For this aim we use special Jacobi modular forms of index 1/2 with 
respect to the Jacobi group of level 

r^(iv) = (xriN) n Sp2(z))/{±i4} = ro(A^) k h{Z) 

(see ([3])). The Jacobi group is the semi-direct product of the Heisenberg 
group 



iJ(Z)= [X,fl-K 



A 








/^^ 


A 


1 












1 


-A 


Vo 








1 J 



A, yti, At E Z 



} 



and 



^o(^) = {{l ^)eSL2(Z), c = modA^}. 



We embed 7 G ro(A^) in r((A^) using the first copy of SL2 in ^ (the second 
term is the unit matrix). We denote this matrix by 7 and we identify ro(A^) 
with this subgroup of Tt{N). 

Let t and k be integral or half-integral positive numbers. A holomorphic 
function (/> on Hi x C is called holomorphic Jacobi form for ro(A^) of weight 
k and index t with a character (or a multiplier system) v : T'^{N) C* if 
the function (l){Z) := (p{T, z)e'^^'^^^ of Z G H2 is a r'^(A^)-modular form with 
character (or multiplier system) f , i.e., if it satisfies 

(0|,7)(^) = v{^)4>{Z) for any 7 G {N) (5) 
and for each M G SL(2, Z) it has a Fourier expansion of the following type 
(^|,M)(Z)= Yl CM{n,l)q^r's' (6) 

n, I 

where n,l are in Q, g = e^*'^'^, r = e^*'^^ and s = e^*'^'^. The last condition 
means that (j) is holomorphic at the cusp determined by M (see jEZj ). The 
form (f) is called cusp form if c^iin^l) 7^ only for Ant — > for all 
M. We call the form (j) a weak Jacobi form if in its Fourier expansions 
CM^n, I) ^ only for n ^ 0. The Jacobi form (j) is called nearly holomorphic 
if there exists n G N such that A"'(p is a weak Jacobi form where A is the 
Ramanujan A-function. 

We denote by Jfc,t(Fo(A/'), ?;) the space of all Jacobi forms with a character 
(or a multiplier system) for F'^(A^) = Fo(A^) x H{'L). We denote the space of 
corresponding weak (resp. nearly holomorphic) Jacobi forms by JJ^^(Tq(N)) 
(resp. JJ!^(Tq{N))). In §4, we use nearly holomorphic Jacobi forms of weight 
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for ro(A^) in order to construct Borcherds products. In this section we 
work with holomorphic Jacobi forms. 

The main example of Jacobi forms of half-integral index is the Jacobi 
theta-function of level 2 (see ([28]) ) : 

= _gi/8^-i/2 (1 - - - q^) (7) 

n>l 

is an element of Ji i{SL{2,Z,),v^ x vh) where v"^ is the multiplier system 
of the cube of the Dedekind r/-function and 

^;H([A,/i;^]) = (-l)^+^+^^+^ 

is a character of the Heisenberg group. (See |GN2j for more details on the 
Jacobi forms of half- integral index.) 

We denote by x x v'jj the character of r'^(A^) induced by the character 
(or multiplier system of finite order) x ■ ro(A^) — > C* and by a power 
Vjj : H(Z) {il}- It is easy to see from the definition that the non trivial 
binary character vh can appear only if the index t is half-integral. 

Let 

(P€ JkA^o{N),x>^vjj) (8) 

where k £ N, t G N/2, x '■ '^oi^) — > C* is a character of finite order. We 
suppose that 

Ker(x) Dri(Arg,g) (9) 
for some q where the last group is defined as follows Ti{Nq,q) = 

^(c ^ SL2(Z), c = OmodNq, 6 = 0modg, a = d = Imod Nq} . 
For this group we introduce the Hecke operator (see \Sh\ Ch.3]) 

ad=m 
(a,Nq)=l 
b mod d 

where a > and da G SL2(Z) such that aa = { ^) mod Nq. This element 
induces the Hecke operator on Jacobi form (j){Z) = (j)(T, z) exp(27riu;): 

^Url^)(m)(Z)=m'^-^ d-'xiaa)H^^,az)e'-^-'- (10) 

ad=m 
ia,Ng)=l 
6 mod d 

(compare with [EZ] and pN2l (1.11)~(1.12)]). 




,mV8 m/2 



a qt 
d 
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Lemma 2.1 Let 4> be as in and (0). We suppose that m is coprime to 
q and that m is odd if t is half-integral. Then 

(l)\kT[^\m) G Jk,mt{'^0{N),Xm X vj}) 
where Xm is a character of SL2(Z) defined by 

Xm{a) := x(am)- 

For any a = (^^) G ro(A^) the matrix am £ ro(A^) is defined by the 
condition 

a mod Nq m^^b mod q^ 
mc mod Nq d mod Nq 



Oir. 



The proof of the lemma is similar to the proof of [GN2t Lemma 1.7]. One 
has to use that Ti{Nq,q) is a normal subgroup of Tq{N). We note that we 
do not assume that m is coprime to A^. 

In this paper we consider Jacobi forms with special characters such that 
Ker(x) D Ti{Nq, q). If g = 1, then x is induced by a Dirichlet character xn 
modulo N: 

x{{^A))=XN{d). (11) 

To construct all dd-modular forms we have to use characters which appear 
in the theory of ?7-products. For example, we shall use the following Jacobi 
forms 

r]{TY 

(see the proof of Theorem 11.41 below) . The corresponding characters can be 
calculated using the conjugation of the multiplier system of order 24 of 
the Dedekind eta-function. This explains the role of the number 24 in the 
lifting construction of Theorem l2.2l This theorem generalizes to congruence 
subgroups the lifting constructions of |Glj and |GN2] . 

Theorem 2.2 Let cj) G Jk,t(^Q{^)-,X x vj!^) be a holomorphic Jacobi form 
where A:GN, tGN/2 and x '■ ro(-/V) — > C* is a character of finite order such 
that Ker(x) D Ti{Nq,q). We assume that q is a divisor of 24, qt £ N and 

1. Let q > 1 or q = 1 and c(0, 0) = where c(0,0) is the constant 
coefEcient in the Fourier expansion of ^ at oo. We fix £ (Z/g'Z)^. Tfien 
the function 

F^Z) = Lift^(0)(Z) = Yl ^\kT[''\m){Z) 

m=fj, mod q 
m>0 

is a modular form for Tqt{N)~^ with a character Xt,fi- The lifting is a cusp 
form if (j) is a cusp form. If fj, = 1, then Lift(0) = Lifti((/)) ^ for (j) ^ 0. If 
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Lift^(i;^>) ^ 0, then the character xt,iM is induced by the character Xfi x vjj of 
the Jacobi group, where is a character of SL2(Z) fj,-conjugated to x (see 
Lemma \2.1\) . and by the relations 

Xt,M(^gt) = (-1)', Xt,M([0,0;4]) =exp(27ri^) (k G Z). 

qt q 

2. Let q = I and c(0,0) ^ 0. We assume that the character x ofTQ{N) is 
induced by a primitive Dirichlet character XN modulo N (see ill]) )- Then 

F^Z) = UftmZ) = c{0,0)Ek{T,XN) + J2 ^\kT[''\m){Z) 

m>l 

where 

Ekir, Xn) = 2-^L{l -k,XN) + ^Y^ Xiv(a) a''^^ exp (2^mT) 

n>l a\n 

is the Eisenstein series of weight k for ro(A^) with character xn- 

Remark. There is a variant of this theorem if qt is half-integral. One has 
to add a conjugation with respect to an element of the symplectic group 
over Q in order to obtain a modular form for a congruence subgroup of the 
paramodular group T^gf (See |GN2t Theorem 1.12]). 

Proof. First we prove the convergence of the series defining Lift^ ((/)). We 
put 

Z = X + ^Y=(^ ^Uf" ^U.f" y)^!!,. 

\z LjJ \x uij \y vij 

Then dety = vvi — = v{vi — ^) = v ■ v where v is invariant under 
the action of the Jacobi group. If is a holomorphic function with Fourier 
expansion of type ([6]), then 

does not depend on ui and v and it is bounded in the domain v > e (see 
[KTj). We introduce 

= Yl \^\kMi{Z)\. 

A/zero (Af)\SL2(z) 

Then the function ip is |fc-invariant with respect to the full Jacobi group 
F"^ = SL2(Z) K H{Ij) and 'ip{Z)e'^'^^'" (depending only on r and z) is bounded 
for f > e. If < f < e then there exists M = (^ ^) G SL2(Z) such that 
Im(M(r)) > e and 

i^{z) = \cT + d\-''4^{M{z)). 
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Therefore ip{Z)e^''^^ = 0{v-'') if w ^ 0. Using, if necessary, this estima- 
tion for all terms ^( °'^^^ , az) we see that the series which defines has a 
majorant of type 

in any compact subset of IHI2. If c(0, 0) 7^ then we add an Eisenstein series 
Ek{T,XN) with respect to ro(A^) in the lifting construction. This series is 
well defined for any weight k > 1 according to Hecke (see [Hi| Proposition 
5.1.2]). 

Now we prove that the lifting is a modular form. According to the con- 
ditions of the theorem (j) has the Fourier expansion of the following type 

Ht, z) = ^ c{n,l) exp {2iTi{-T + ^z)). 

n>0, n=lmodg 



4nt \ i_ 
9-4 



>4 



By the definition (llOp of the Hecke operators we have 

(^Ur!^)(m))(Z)= (12) 



m 



ad=m l=2t mod 2 

(a,Nq)=l ri>0, n=lmodq 

bmodd 

Y2 o,^~^x{(^a) Y^ c((ini, Z) exp (27ri( — -t + —z + adtuj)) . 

ad=m l=2tmod2, ni>0 

{a,Nq)=l dni=lmodg 

The Jacobi form (p has a nontrivial character vh of the Heisenberg subgroup 
of the Jacobi group if and only if 2t = 1 mod 2. If t is half-integral, then 
q is pair because tq G N. Therefore in this case for any m coprime to q the 
character of the Heisenberg group of the Jacobi form (l)\i^T^\m) is equal 

to Vh- The ro(A^)-part of the character of cl)\kT^\'m) depends only on m 
modulo q according to Lemma 2.1 because (j) satisfies ([9]). In the definition 
of we have m = ii mod q. Therefore, if m = mod q, then (/)|fcTl^''(m) 
is a Jacobi form with character x 

The number q is a divisor of 24 and /i is coprime to q. For any x G 
(Z/24Z)^ we have = 1 mod 24. (24 is the maximal number with this 
property. The same is true for any divisor of 24.) Therefore in the formula 
for the Fourier expansion of (j)\kT'^\m) we have that the coefficient at r 
under the exponent satisfies the relations ani = ^ = ran = fi mod q. 

Now we assume that c(0, 0) = 0. Taking the summation over all positive 
m = n mod q we get 
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^xi'^a) Y^ c((ini, /) exp (27ri(^— !-r H z + adtuj)^ = 

a>0,d>0 Z=2tmod2 

ad=^lUloAq ni>0, c(ni=lmodg 
(a,Af)=l 

^ ^ a^-ix(o-a)c(^,-) exp(27ri(-r+ ^z + mtw)). 

(X (X Q ^ 

n,m>0 a\{n,l,m) 
n,m=tJ.raodq (a,Af)=l 
/=2tmod2 (j>o 

The Jacobi forms 0|fcrl^^(m) are modular forms with respect the Jacobi 
group r'^(A^). The parabohc subgroup ^^{N) (see ^) differs from the 
Jacobi group r'^(A^) by its center. For m = n mod q the action of the 
center is given by 

(^U rl^)(m)) I, [0, 0; ^] = exp (2vrz^) {^\uT^^\m)) . 

Therefore the hfting Ffj,{Z) is a r^(A^)-modular form of weight k with char- 
acter x^l ^ ^ 6xp (27ri^). The Fourier expansion of is also invariant 
under the transformation {r — > gto;, w ^ ((7t)~^r}. It is induced by Vqt (see 
^). Therefore 

{F^\uV,t){Z) = {-lfF^{Z). 

The subgroup r^(A^) and Vqt generate the group T~^^{N) (see Lemma [TT]) 
and the lifting is a r^(A^)-modular form if c(0, 0) 7^ 0. 

If ^ is a cusp form then (f)\kT''_^\m) is also a Jacobi cusp form. In order 
to prove this we note that T^^^ (m) is a part of the full Hecke operator for 
the congruence subgroup Tq{N) (see (f23]l ). Therefore for any M S SL2(Z) 
we have {^\kT^J\m))\kM = Y.MkMi)\kP^ for some M, G SL2(Z) and 
integral upper triangular matrices Pi with det Pi = m. All indices of the 
Fourier coefficients of (j)\kMi have positive hyperbolic norm Ant -P > like 
in ([6]). The action by upper triangular Pi does not change this property. 
It follows that (j)\kT^\m) is a cusp form. We have proved that the index 
(n, /) of arbitrary non-zero Fourier coefficient of the lifting is non degenerate 
(i.e., Ant — P > 0) for all 0-dimensional cusps of the 1-dimensional cusp 
determined by r-^{N). Tt{N) and the full Jacobi group SL2{Z) k H{Z) 
generate the paramodular group F^. In order to obtain all cusps of r((A^) 
we can use the parabolic subgroup Fqo = {P = {qi)) £ Sp2(Z)} because 
{Ft, Too) = Sp2(Z) (see [G2j ). We have considered above the action of SL2(Z) 
on the lifting. After the action by any upper triangular matrix P Fourier 
coefficients with degenerate index do not appear. Therefore the lifting of a 
Jacobi cusp form is a cusp form. 

Let us consider the case c(0, 0) 7^ 0. Since x( ( 1 ) )~ ^ ' have that 
q = 1, t £ N, the character x is induced by a Dirichlet character xn modulo 
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N (see (mi) and (-1)'= = Xiv(-l)- In the sum Em>i U ^-i^^Ml^) we 
have an additional term 

c(0, 0) ^ ^ XAf (a) exp {lirimtuj). 

To make the hfting invariant with respect to Vt {uj ^ t /t, t ^ tu)) we have 
to add a similar term with respect to r. For that we use the Eisenstein series 

Ek{T, Xn) = 2-'L{l -k,XN) + Y.Yl a'^-^e^™- G Mk(ToiN), xn) 



n>l 



an 



(see (Hij Proposition 5.1.2]). The Eisenstein series is a Jacobi form of weight 
k and index 0. The theorem is proved. □ 

Proof of Theorem II. 4L We consider the nine possibilities for dd-modular 
forms given in Proposition II. 2[ 

1. = 1. The dd-modular forms for the full paramodular group Tf with 
i = 1, 2, 3, 4 were constructed in PnT] - PN2] : 

A5(Z) = Uh{7]{Tf^T,z)) G M5(ri,^;i2 X vh), 

A2{Z) = Uh{r]{Tf^T,z)) G M2(r2,t;^ x vh), (13) 

Ai(Z) = Lift(7?(r)??(r, z)) G Mi{rs,v^ x vh). 

They are cusp forms with character of order 2, 4 and 6 respectively. More- 
over 

Ai/2(Z) = Trivial- Lift(7?(r, z)) G Mi/2(r4, v^^ x vh) (14) 

is the most odd Siegel even theta-function 9iiii(Z) of level 2 which is a 
modular form of weight 1/2 and a multiplier system of degree 8 with respect 
to We construct below the four new Siegel dd-modular forms V3, V2, 
V3/2 and Qi for the congruence subgroups. The index denotes the weight 
of the corresponding modular form. 

2. Let N = 2. Two groups of level N = 2 appear in Proposition 11.21 We 
consider two Jacobi forms of index ^ with respect to the Hecke congruence 
subgroup To (2): 

r?(r),?(2r)4^?(r,z) G J^r(ro(2),xf x vh), 

^^^(t,z)G Jii(ro(2),xf xt;^). 
r][T) '2 

Every cusp p of T(){N) has a representative of the form p = a/c where c is 
a positive divisor of and a is taken mod (c, — ). For any divisor n of 

the order of rj{nT) at p is equal to • U^i^g this we check that the 
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ro(2)-modular form ^^^^j- has a zero of order | at p = oo and is equal to 
1/2 at the second cusp. 

The Jacobi theta-series '&{t, z) has the multiplier system x vh of order 
8. ?7(2T)^?7(r)^ is a well known example of the modular forms with respect 
to ro(2). The powers T/(2T)^?7(r)^ and r/(2r)^r/(r)^ are cusp forms for ro(2) 

(2\ (2'] 

with characters ^2 ^'^d x\ of ro(2) of order 2 and 4 respectively. Using 
the exact formula for (see, for example, |GN2t Lemma 1.2]) we obtain 
that 

for any matrix in ro(2). In particular 

ker D Ti (4, 2) , ker ^ ^ Ti (8, 4) , 

X?Hihl))=e'^, xf((U))=e-. 
The lifting construction gives us 

V3 :=Lift(7?(r)77(2r)^^?(r,z)) G 53(r[,')(2), xf x vh), (15) 

Qi :=Lift(^^^i?(r,z)) GMi(r2(2),xf xvh). (16) 
3. Let = 3. It is known that ri{3Tfr]{Tf e S'6(ro(3)). We consider 

v{3Tf^{T,z) e J^r(ro(3),xf X vh) 

(3) 

where X2 ^ character of order 2. Similar to the case N = 2 one can check 
that 

xf (M) = (-l)'^+'^+i(0 ^=(3" 



and 



X^^\m) = i-lf (^) if c^O mod 2. 



Therefore 

kerxf Dri(6,2), xf((U))=e". 
Applying Theorem 12.21 we obtain 

V2 := Lift(ry(3r)3^?(r,z)) G 52(r(')(3), xf x i;^). (17) 
4. Let = 4. We define 

/,3(^,^) ^ r?(2r)^(4r)2 ^ i(ro(4),xf^ x t;^^) (18) 

2 ?](rj 2'2 
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where x'f^ is a multiplier system of order 4. The ro(4)-modular form 
r]{2T)ri{4T)'^ /'r]{T) vanishes at two cusps cxd and ^ and takes non-zero value 
at 1. Let us consider 

The ro(4)-modular form r/(4r)^r/(2r)'^r/(T)^ has the non-trivial quadratic 
character modulo 4 

X^\{^d)) = i-^)^ where (r,^)Gro(4). 

We have 

F,:=Uft{hl,) e M,{T^i\A),X^^^). (19) 

The Jacobi form /i3/2('7"; -2)^ has zero of order 2 for z = 0. The Hecke 
operators of the lifting keep this divisor. Therefore F3 vanishes with order 
2 along TCi = {z = 0}. The proof of Proposition 11.21 shows that 



divH,(F3) = 2( U 7(Wi)). 



7erf (4) 

In the next section we construct a modular form V3/2 such that F3 = 
using the Borcherds automorphic products. 

5. The last case of Proposition 11.21 is a possible dd- modular form of type 
{N,t;k) = (4,2; i). Using the exact construction of the dd-modular form 
Qi for r2(2) we prove that a dd-modular form of weight ^ with respect to 
r2(4) does not exist. 

Let assume that D G Mi (r2(4), x) is a dd-modular form. Qi can be con- 

2 

sidered as a modular form with respect to r2(4) < r2(2). Qi vanishes along 
the diagonal Tii but its divisor modulo r2(4) contains several irreducible 
components. Therefore F = Qi/D is a holomorphic function on EI2 and 
it is a r2(4)-modular form of weight ^ according to the Koecher principle. 
Then it has the following Fourier-Jacobi expansion 

F{Z) = /o(r) + /i „,(r,z)exp(27rimu;) 



where the constant term /o is a modular form of weight ^ with respect to 
To (4). The zeroth Fourier-Jacobi coefficient of D is identically equal to zero 

do(T)= lim D[(^ -0)^0 

?;i^oo ^ \Z lV\j ' 

because D is zero for z = 0. Considering the Fourier-Jacobi expansions of 
the both part of the identity Qi = D ■ F we obtain that 

r/(2r)2 



Tf]{T) 



■^{-T,z) = foir) ■ di i{t,z). 
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Therefore the first non-trivial Fourier-Jacobi coefficient di i of D is equal 

2 ' 2 

to gi} where g is an automorphic form of weight with respect to ro(4). 
The Jacobi theta-series is a modular form of singular weight 1/2. For every 
Fourier coefficient c(n, I) of we have 2n? — P = (see ([7])). The automor- 
phic form g has a pole at some cusp. Therefore the Jacobi form giD cannot 
be holomorphic at this cusp. It follows that D is not holomorphic. We finish 
the proof of Theorem 11.41 modulo existence of the dd-modular form V3/2- 

We note that two new dd-modular forms V2 and Qi have elementary 
formulae for the Fourier coefficients. You can compare them with cusp 
forms A2 G 5'2(r2,X4) and Ai G 5'i(r3,X6) (see [GNT] and [GN2l Example 
1.14]). According to Euler and Jacobi 



^i^y = > . — 



n>0 



n 



Then we obtain 



-4\ 



N>0 ■m,nG2N+l ^ ^ a\(l,m,n) 
3Ar2=4mn-P a>0 

because in the lifting formula xi^^a) = (§)• To calculate Qi we note that 
r/(2r)V??(r) = i??S^^(r,0) where 

0)=q-sll{l- g")(l + g"-i)(l + q") = 2 ^ . 
n>l neN 

Using the last formula we obtain that 

Qi(^)=E E f^)cTo((n,/,m))gtrist (21) 



Af>0 n, mG4N+l 

{2N+l)^=2mn-P 



where crQ{(n, I, m)) is the number of divisors of the greatest common divisor 
of n, /, m. 

From the proof of theorem given above we obtain also a description of 
the squares of dd- forms as liftings. 

Corollary 2.3 The following identities are true 

VsiZf = Uft{r,{Tfv{2rfnT,zf) G 56(ro(2)), 
V2{Zf =Uft{r]{3Tf^T,zf)e 54(ro(3)), 

QiiZf = Lift(^^^?(r,z)2) E M2(r2(2),X2), 
gi(Z)4 = Lift(^^^(r,z)4) G M4(r2(2)). 
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Proof. All identities are similar. We prove the last one. First ff G 
-^4,2(ro(2)). According to Theorem O we get Lift(/i^) G M4(r2(2)). The 
Jacobi form ff has zero of order 4 along z = 0. The Hecke operators in the 
lifting construction preserve this divisor. Therefore the quotient Lift(/^)/Q| 
is a constant according to the Koecher principle. This constant is one. To 
see this we compare the first Fourier-Jacobi coefficients. □ 

We make two remarks on Theorem 12.21 

The modular forms V3 and V2 coincide with generators of the graded 
rings of Siegel modular forms for rQ^^(2) and rQ^^(3) (see [lb]). The lifting 
construction gives us an universal approach to the generators. Moreover we 
obtain more fundamental functions like V2 or V3/2 which are roots from 
generators of the corresponding graded rings. We give the relations between 
dd-modular forms and the generators proposed in the papers of Ibukiyama. 
First, we have 

V3(Z)2 =Lift(r?(r)2r/(2r)8^?(r,z)2) =i^(Z) G 56(ro(2)) 

where 

1 2 
K{Z) = -^^[9oioo{Z)9oiio{Z)9iooo{Z)6iooi{Z)6uoo{Z)9iui{Z)) 

and 

V2(Z)2 =Lift(r?(3r)6^?(r,z)2)= le4(Z) G 54(ro(3)). 

dabcd denotes the Siegel theta-series with characteristic {abed) of level 2 and 
O4 is a theta-series with a spherical function. Using the dd-function Qi we 
can construct the generators of the graded ring of the modular forms with 
respect to the congruence subgroup r2(2). The details will be published in 
a separate paper. 

The second remark is related to differential equations. In [CYY] it was 
proved that the monodromy group of Picard-Fuchs equations associated 
with one parameter families of Calabi-Yau threefolds is a subgroup of cer- 
tain congruence subgroup T{di,d2) in Sp2(Z) where d2 is a divisor of di. 
Therefore one can put a question on Siegel modular forms with respect to 
this group. In order to construct such modular forms we can use Theo- 
rem [2]2] because this subgroup is the integral part of the intersection of two 
modular groups considered in this theorem 

T{dud2)=Tt,{qi)nTt,{q2)nSj>2{^) 

where we have the following relations for the least common multiples di = 

[ti,t2] and d2 = [qi,q2]- If and t2 are coprime we do not need to make 

(2) 

the intersection with Sp2(Z). In particular, T{di,d2) = Fq (^2) HF^^. Ac- 
cording to Theorem 12.21 for any fi G Jki,ti(^oiQi)) (i = 1, 2) the product 
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Lift(/i)-Lift(/2) is a modular form of weight ki + k2 with respect to T{di,d2)- 
(Under some conditions on ti and qi one can consider Jacobi forms with some 
characters.) 

To finish the proof of Theorem 11.41 we have to construct a square root 
from the Fq (4)-modular form (see ()19p ). For this aim we consider the 
Borcherds automorphic products. 



3 Borcherds products for Tt{N) 

In this section we consider Borcherds automorphic products related to the 
Jacobi forms of weight with respect to the congruence subgroup Fo(A^). 
This construction gives us the dd-modular forms of §2 as automorphic prod- 
ucts. In particular, we construct the last dd-modular form V3/2 with respect 

to Fq (4) . In |B1] the language of the orthogonal groups and the vector val- 
ued automorphic forms was used. The Jacobi forms are very useful in the 
framework of Siegel modular forms because we have many methods to con- 
struct Jacobi forms of weight 0. The case of the symplectic paramodular 
group Tt was considered in |GNlj - [GN2j . A similar result one can obtain 

for the congruence subgroups. Some examples of Borcherds automorphic 

(2) 

products for Fq (A^) < Sp2(Z) in terms of Jacobi forms were constructed 
in |AI] but they could not prove that the construction works for arbitrary 
Jacobi forms (see Lemma 13.21 below and the remark before it). In this sec- 
tion we construct the automorphic products for the subgroups F^ ( A^) of the 
paramodular groups Ft for any t and A. 

First we recall some well known facts about the Hecke congruence sub- 
group Fo(A) (see |Sh] . [Mij ) . The number of non-equivalent cusps of Fo(A) 

EN 
(/3((e, — )) where 93 is the Euler's function and (a, b) is the 

e\N,e>0 

greatest common divisor of a and b. We denote by V the set of cusps 

f f A^ 

r = \^, e\N, e > 1, / mod (e, -), (e, /) = 
[ e e 

To each cusp f /e £ V oi Fo(A), we associate a matrix 



)gSL(2,Z), Mf/,{oo) = f/e. 



Let he = A/(e^,A) be the width of the cusp f/e G V. The sum of the 
widths is A^ • np|Af(l +P~"^) (p is prime) which is the index of Fo(A) in 
SL(2, Z). We also put Ae = ^. In order to construct the dd-modular forms 
we need two particular cases when N = p 01 p^. 

Example. Fo(p) and Fo(p^). 
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i) If N = p, p prime, then there are two cusps: | which is ro(p)-equivalent 
to oo and of width 1 and p respectively. 

ii) If = p^, p prime , there are {p+ 1) cusps: ^ which is ro(p^) -equivalent 

to oo, and l</<p — l|of width 1, and 1 respectively. 

As we mentioned above our datum for the automorphic Borcherds prod- 
uct for the congruence subgroup Tt{N) < Fj is a nearly holomorphic Jacobi 
form of weight and index t with respect to ro(A^) (see §2). The character 
of this form is trivial. In the Borcherds automorphic products |Blj vector 
valued modular forms were used. In the case of a Jacobi modular form 
with respect to the congruence subgroup Tq(N) one has to use its Fourier 
coefficients at all cusps of Fo(A^) (see [Bl] Examples 2.2 and 2.3]). In order 
to realize this one can use the complete Hecke operator r/v(m) for Fo(A^) 
which contains more classes than the operator T^\m) defined in ()10p if 
{ni,N) 7^ 1. The operator T]\j[m) was introduced in [He] and it was used in 
[1. For m e N*, we set 

M7v(m) = |m = ^ ^ G M2{I^) I det(M) = m 

Similar to pU|) we can consider the Hecke operator with respect to the 
parabolic subgroup of ri(A^) acting on the modular forms 4>{Z) = cI){t, z)e^'^**'^. 
This gives us for any (/> S Jq^(Fo(A^)) the Hecke operator 

(c ^)ero(iV)\Afjv(m) 

Then ^r7v(m) G Jq J^^(Fo(A^)). This operator transfers the weak (holo- 
morphic) Jacobi forms into weak (holomorphic) Jacobi forms. 

We can write the Fourier expansion of (/> G J^^(Fo(iV)) (see ([6])) at the 
corresponding cusp //e using Mf /g 



We note that Ci/^{n, I) is the Fourier coefficient of (p at infinity. For a weak 
Jacobi form we have n > if Cfi^{n, I) ^ 0. 

Theorem 3.1 Let (p £ JqIKTo^N)). Assume that for all cusps ofTo{N) we 
have that /(,{n,l) G Z if Anmt — P < 0. Then the product 

B4Z)=q\^s^ n n (l-(gVs*-)^^)fe^^/=("'"'^ 

f/eeV n,l,m£Z 
{n,l,m)>0 
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where {n,l,m) > means that if m > 0, then n £ Z and I € Z, if m = 
and n > 0, then I £ 1^, if m = n = 0, then I < 0, and 

f/eeV f/eeV f/eer 

iGZ i£Z,i>o lez 

defines a meromorphic modular form of weight 



with respect to r((A^)+ with a character (or a multipher system) x- 
particular 

^^^ = (-1)^0 ^ ^ ^ao(-n)c,/e(n,0) 

'^^ ' f/eeviez, n<0 " 

where Vt{Z) = Vt{{l ^)) = Cz r/t) and aj{m) = Y.d\md^ ■ The poles and 
zeros of lie on the rational quadratic divisors defined by the Fourier 
coefficients Cf/g{n, I) with Anmt — P<0. In particular is holomorphic if 
all such coefficients are positive. The character x is induces by the following 
relations 

f/eev 

for M G ro(A^e) where 4^'=^(M) = v^{aeMa-^) with = °) and 
X([A,^;0])= n ^S?^^°'^([^'/^;0]) 

f/eeV, l>0 

where JV, ([A, ^; 0]) = (_i)A+7VeM+A^eAM fy^ A, /x G Z and for aU k € Z 
X{[0,0;f]) = e^^^^-/K 

Proof. The paramodular group Tf can be realized as the stable orthogonal 
group of the lattice 2U ® (— 2t) of signature (2, 3) where U = ( 5 g ) 
hyperbolic plane (see |Glj . |GH2j ). Using the similar arguments we can 
realize Tt{N) as a subgroup of the orthogonal group of the lattice U(BU{N)® 
(— 2t) where U{N) = ( ^ ^ ) • The product of the theorem is a specialization 
of the Borcherds automorphic product considered in |Bll Theorem 13.3]. It 
converges if y = Im Z lies in a Weyl chamber determined by the action of 
To{N) on y > with det(y) > C for a sufficiently large C. The product 
can be extended to a meromorphic function on EI2 whose poles and zeros 
lie on rational quadratic divisor of IHI2 . We define below the invariants (the 
modular group, the weight, the character, the first and the second Fourier- 
Jacobi coefficients) of this modular form in terms of the Fourier coefficients 
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of the lifted Jacobi form of weight using a representation similar to [GNlj - 
PN2] . 

We have the following decomposition (see [Hej ) 



To{N)\MN{m) = (23) 
I I I Mj/g ( ^ ^ j \ ad = m, ae = mod N, b mod hed \ . 

For G Jo'^J^(ro(iV)) and Z = ( ^ 5 ) E Ma we set 

oo 

L^Z) = ^ 0|o,trjv(m)(r,z)e2-*--. (24) 



m=l 



Using the decomposition of TQ{N)\Mi\f(m) and the formula for the action 
of T]\[{m) (see the proof of Theorem 12 ■2p we have (whenever the product 
converges) : 



EM-L^z)) = n n (1 - (^"^'^ 



nj Jm\Ne\7n''f/e{nm,l) 



f/eeV m^l 
n,l€Z 



This product is invariant with respect to the action of the Jacobi group. 
We introduce one more factor(the "zeroth" Hecke operator or the Hodge 
correction in the geometric terms of |G4] ) 



(25) 

So as in pN2l (2.7)] we obtain that 

i?<^(Z)=rf (Z).Exp(-L<^(Z)). (26) 

The additional term Tf'iZ) is a nearly holomorphic Jacobi form of weight 
k indicated in the theorem and of index C G N/2 with respect to ro(iV). 
This is the first Fourier- Jacobi coefficient of the automorphic product B^. 
(It might be that this is a Jacobi form of index zero, i.e., an automorphic 
form in r.) The Jacobi form is a modular form with respect to the parabolic 
subgroup r^(A'^). Like in the proof of Theorem 12.21 we use that Tt{N)~^ = 
{T^{N), Vt). We have to analyze the behavior of -B^ under Vj-action. Like 
in [GN2| a straightforward calculation shows that 

B^iVtjZ)) ^ ^_-^^Do^^i/t^-iyDi+c-tA 
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where Dq is given in the theorem and 

= ^ ^ heai{-n)cf/e{n,l). 

f/e&V l&, n<0 

We note that in [51] the approach of pNT] -[GN2] was also used. But in lAII 
it was not proved that tDi + C — tA = To show that the automorphic 
product is Vf-invariant we prove Lemma 13.21 (see below) similar to |GN2t 
Lemma 2.2]. We note also that the automorphic product of the theorem is 
defined at the "standard" 0-dimensional cusp oo of Tt{N). If A'^ = 1 then 
the Ff-orbit of any rational quadratic divisor (a Humbert modular surface) 
has a representative containing oo (see |GH2j and |GN2j ). If N > 1 then 
there are more orbits. Not all of them have a non-trivial intersection with 
infinity. Therefore the arguments in the construction of some examples of 
the automorphic products in [AI] are not complete. One has to use \B1\ 
Theorem 13.3] in the proof. We add that as we mentioned in the beginning 

(2) 

of this proof we do not agree with [AL page 262] that 'Tq (A^) is not an 
automorphism group of a lattice." 

Lemma 3.2 For any € J,^^^ (ro(A^)) we have tDi + C -tA = 0. 

Proof. We give a proof based on the method of the automorphic correction 
proposed in ^G4j which is more simple than the proof of [GN21 Lemma 2.2]. 
For any (p G J^j(SL2(Z)), we consider the following automorphic correction 
of 

^(r, z) = e-S"'*^2(")^V(T, z) where G2(t) = + ^ (7i{n)q'' 

is the quasi-modular Eisenstein series of weight 2. The corrected form sat- 
isfies the functional equation 

We consider the Taylor expansion of ^ around z = 

^{T,z) = Y,U{r)zr 

The Taylor coefficient fy G M^^j\Sh2{'L)) are modular forms with a pos- 
sible pole of finite order at the cusp. If (j){T, z) = Ylin& S«ez ^('^j 0'?"'^' is 
in Jo"^(SL2(Z)), then 

/2(r) = f|(r,0) - 167r2tG2(T)0(r,O) G m!,"'''\sL2{'L)). 
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But the constant term of any nearly holomorphic modular form of weight 
two is zero (see \B2\ Lemma 9.2]). Therefore 

t c(0, /) - 24t ai{-n)c{n, /) - 6 ^ ^^c(0, /) = 0. (27) 

l£Z n<0 igZ 

For a Jacobi form with respect to a congruence subgroup we use the trace 
operator. Let (p £ J^^(ro(iV)). We set 

^ = TYsL,(z)('A) = E '^lo,t7 e Jot(SL2(Z)). 

7Gro(Af)\SL2(Z) 

This Jacobi form has the following Fourier expansion 

■(/'(r, z) = c(n, /)g"r' where c{nj) = h^Cf i^{n,l). 

The last expression is obtained by noticing that 

SL2(Z) = □ To{N)Mfi, 

The claim of the lemma follows from (1270 . □ 

The formula for the character of Tt{N)~^ = {Tt{N), Vt) follows directly form 
the calculation with rj- and i^-factors in xj^*^ (see (I25p ) which is the first 
Fourier- Jacobi coefficient of B^. More exactly the SL2-part of the character 
(or the multiplier system) of this Jacobi form is equal to the character of 
the ry-product 

n r/(iV^r)^^'^//^(°'^) 
f/eev 

which is a ro(A^)-modular form because is a divisor of N. Its character 
is the character xi^) of theorem. The Heisenberg part of the character 
of the Jacobi form i){Mt, Mz) of index M/2 is equal to 

7;h,a./([A,^;0]) = VH{[X,Mfi;0]) = (_i)A+a/m+ma^. 

It gives us the Heisenberg part of the character. We note that the second 
Fourier- Jacobi coefficient is equal to T^"^ -(j). We note that if a Siegel modular 
form F is a Borcherds automorphic product i?^ we can find (j) taking the 
quotient of the first two non-zero Fourier- Jacobi coefficients of F. □ 

In order to obtain the Borcherds products for the dd-modular forms we 
propose a method of construction of weak Jacobi forms of weight for ro(A^) 
using the Jacobi theta-series with characteristics (see [Muj ) . Let E N and 




23 



(a, 6) G Z^. We call the theta- series of level N with characteristic {a,b), the 

SGriGS 

^ W (^^ ^) = ^ g*^(n+f )V+2^.{n+f ){.+ A) _ ^28) 

This is a holomorphic function on Hi x C. Among these series, there is a 
special one for (a, b) = (0, 0) 

All the theta-series with characteristics can be expressed by the mean of i^oo 
We also have for any (a', b') G 

The last formula allows us to take the characteristics (a, b) modulo N . 

To construct Jacobi forms of weight we consider quotients of theta- 
series. We put 

AN), , ^Z^{r,z) 



This function is holomorphic on Hi x C for any (a, b) if N is odd. For N 
even, as ■i?oo(''"; 5 + ^) = 0) we cannot make the quotient ^^^^n- When we 

write for even then we assume that (a, b) ^ (y, ^). In fact i^^^ is 
a weak Jacobi forms of weight and index 1/2 with respect to the principal 
congruence subgroup of level A (see ([5])): 

elji,i^ = elj^ MGr(A). (29) 

More exactly we have the following functional equations with respect to the 
generators of the full Jacobi group (see §2) 

where —a is the unique representant of —a modulo A such that —a € 
{0,...,Ar-l}, 

^(2^)| .T-f^"^^ T-MM 
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where a + b + N is the unique representant of a + 6 + modulo 2N such 
that a + b + N £ {0, 2N - 1} and 



t(2iV'+l) 



t(4Af'+2) 



1 ^2a,2{a+6+Af')+l 



' 2 



where 2(a + 6 + A^') + 1 is the unique representant of 2(a+6+A^') + l modulo 
AN' + 2 such that 2{a + b + N') + 1 e {0, 47V' + 1}. These formulae lead 
us to construct weak Jacobi forms for ro(A^) in the following way: 

(i) we consider the quotient group G = T{N)\Tq{N) if is even or G = 
T{2N)\Tq{N) if N is odd since according to the T-transformation formula 
we have to double the level; 

(ii) we compute the orbits of ^^'^^ under G; 

(iii) in a fixed orbit of ^^^^ , we take some powers of elements or products of 
them in order to obtain the trivial character of the Jacobi group. 

In this paper we only construct the Jacobi forms of weight which generate 
dd-modular forms. We are planing to obtain results similar to |G4] about 
the structure of the graded rings of weak Jacobi forms with respect to Tq (N) 
for small in a separate publication. 

Examples 3.3 N = 2. We have G = {I2,T} (the group of order two) 

(2) (2) 

and the orbit Og {^i q ) contains the only element q . The formula for the 

(2) 

[/u, z/; 0]-action implies that ^\ q has a character of order two. Therefore 

e Jo"i(ro(2)). 

N = 3. In this case G is non abelian group of order 36. It contains the 
set S = {±^^±5T35T^0 ^ ^ 5}. Therefore Og(4^J) 2 = 

{^3^1' '^3^5} ^^'^ using the standard generators of ro(3) we have equality. 
Therefore 

cS-C^e Jo-i(ro(3)). 

N = 4. We have that G = {I2,T, T^,T^, -h^TST^S, TST^ST, TST^ST^} 
is the group of order 8 isomorphic to Z/2Z x Z/4Z. We see that Og(^S\^) = 
and OG(eg) = Therefore 

eg-eSS, and eS-ege Jo"i(ro(4)). 

The dd-modular forms as Borcherds products. Now we can finish 
the proof of Theorem 11.41 and to construct the last dd-modular form V3/2 

(2) 

of weight 3/2 with respect to Tq (4). Moreover we give the Borcherds 
automorphic product for all new Siegel dd-modular forms with respect to 
the congruence subgroups. (The Borcherds products of the dd-modular 
forms for the full paramodular group were found in |GNlj - [(jN2j .) 
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We start with N = 2. Let 

,^2(r,z)=4(^S5)^(r,z)G Jo-i(ro(2)). 

There are two cusps and (f)2 has the two Fourier expansions with integral 
Fourier coefficients 

02(r,z) = (r-i+2 + r) + 2(r-2_2 + r2)g+...= ^ c{n,l)q^r\ 

{cl)2WiS){T,z)=A-S{r-^-2 + r)qh+...= ^ cs{n,l)q^rK 

The only orbit of the Fourier coefficients with negative hyperbolic norm 
Ant — of its index is c(0, 1) = 1. Then applying Theorem 13.11 to (/>2, we 
obtain 

(n,i,m)>0 

= r/(T)r/(2r)4^(r, z)e'^^ ■ Exp(-L^,)(Z). 

This is a holomorphic Siegel modular form of weight 3 with respect to ro(2). 
According to the Koecher principle a Siegel dd-modular form is defined up 
to a constant. Comparing the first Fourier coefficients we obtain 

V3(Z) = Lift(77(r)ry(2r)^^?(r,z)) = B^,{Z). 

For = 3 we take 

We again have two Fourier expansions containing only integral Fourier co- 
efficients 

(/)3(t,z) = (r~^ + 1 + r) + (r"2 -r"^ -r + r2)g + ••• = ^ c{n,l)q''r\ 

(<A3|o,i5)(T,^)=3-3(r-i-2 + r)gU---= ^ C5(n,0(?V. 

The both Fourier expansions contain only one type of coefficients with neg- 
ative norm of its index. This is c(0, 1) = 1. According to Theorem 13.11 we 
obtain 

B^,^{Z) = qhAs^ W (1 - g"r's™)"("""'')(l - g3n^3i g3»n^cs(nm,Z) 
{n,l,m)>0 
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and 

V2{Z) = Lift(77(3r)3^(r,z)) = B^,{Z). 

The dd- modular form V3/2' The case of = 4 is a httle bit more 
difficult because there are three different cusps. Let 

04(T,z) = 2(CgeS)(T,z)G Jo"l(ro(4)). 

We have the following Fourier expansions 
(f)^{r^z) = {r~^ +r) + {r~^ -r~^ -r^ +r'^)q^ ^ = ^ c{n,l)q''r\ 

(</.4|o,i'5)(T,z)=2-2(r-^-2 + r)(?i+...= Yl ^s{n,l)q^r\ 

{(pi\o,iM){T,z)=2 + 2{r-^ -2 + r^)q + ---= ^ CM(n,/)(?"r' 

where M = (2 Ii)' Fourier coefficients are integral and there exists the 
only type of coefficients with negative index norm c(0, 1) = 1. We obtain 
the Siegel modular form V3/2 = -8^4 of weight 3/2 for Fq (4) given by 

V3/2(^) = B^,{Z) = !?i^lMl)!^(^,^)e--Exp(-L^J(Z) = 

(n,i,m)>0 

The modular form V3/2 is the last Siegel dd- modular form which we need 
in order to finish the proof of Theorem Using the Koecher principle we 
obtain that 

The last example is the automorphic product of the dd-modular form Qi 
with iV = 2, t = 2 and /c = 1. Let 

V'(r,z) = 2eg(r,2z)e Jo^2(ro(2)). 
We have the following Fourier expansions 



V'(r, 2:) = (r ^ + r) + (r ^ — r ^ — r + r'^)q + ■ ■ ■ = ^ c{n,l)q 



(^|q2'S')(t,z) = 2-2{r-^-2+r^)q2-4{r-^-2+r^)q^-8{r-'^-2+r^)q2 + 
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V cs{n,l)q''rK 



Then applying Theorem 13 -H we obtain 

B^{Z) = q\r^S^ J| (1 - (p^l ^2my{nm,l) _ ^2n^2l ^Aniys{nm,l) 
{n,l,m)>0 

= Qi(Z)=Lift(^^^(r,z)). 



A traced form of Borcherds product and reflective modular 
forms. For each dd-modular form we have the identity between the known 
(due to the Jacobi lifting) Fourier expansion and the Borcherds products. 
We note that such examples are rather rare. Below we give more examples 
of this type analyzing new reflective modular forms, i.e., the modular forms 
with divisor determined by some reflections in the corresponding modular 
group (see |GN2| - [GN3j ). Every dd-modular form is reflective. We con- 
struct new examples as the quotient of dd-modular forms. To represent 
the quotient of two dd-modular functions in a better form we give a new 
representation for the automorphic product in Theorem 13.11 For that we 
rewrite the full Hecke operator T]\[{m) using the summation with respect to 
the classes from the same subgroup ro(A'^a) where Na = N/{a,N): 



E ro(A^)M 

a\m M&ro{N)\ro{Na) b mod m/a 



a b 
m/a 



Let us reorganize the formal Hecke sum Lt = J2m=i ^ ^T]\f{m) using the 
last representation. Formally we have 



= E E E E 

e\N a'>l MeTo{N)\ro{Ne) n>l b mod n 

{a',Ne)=l (m=an) 
{a=ea') 

We can rewrite the last class as 



ToiN)M 



Therefore we have a new representation for (jZ 



^E ro(A^)M 



/a 6 0\ 

an 

n 

\0 1/ 



/- 

e 





b 

















an 

e 











e 














n 











1 





Vo 








1/ 


vo 








1/ 



L^Z) = E E e-nV'ivJoTl^^^(m))(eZ) =^e-'L^,^{eZ) (30) 

e\N m>l 



e\N 
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where 

^PnAZ) = i^NAr, z)^^'"^ = TVr„(;Ve)^(^) = E (^1° ^)(^) 

MGro(Af)\ro(A'e) 

is a Jacobi form of weight and index t with respect to ro(A^e) and T^''\m) 
is the Hecke operator which we used in the additive hfting in §2. 

ad=m, (a,Afe)=l ^ ^ 

6 mod d 

We consider the Fourier expansion of the traced Jacobi form Ttyq{^Ne)4' 
infinity 

We note that for e = N we have ipi = (p and /) is the Fourier coefficient 
of (p at infinity denoted by Ci//vr(n, /) in Theorem 13.11 As in the proof of 
Theorem 13. II we have 



ae 

m>l a>l 



and 



m>l b|Ar 
(m,7V)=l 

where ^ stands for the Moebius function. Therefore 

e\N b\Ne rn>l 



The advantage of this new representation of the Borcherds product is evi- 
dent. We use in it only the Fourier expansion of the traced Jacobi forms (/>Ar^ 
at infinity. For the group r};'{p) this expression contains only two functions 
and one of them is well known. 

^SL,(Z) : J^AToip)) - J^A^Um = C<Ao,i 

where 

Mt,z) = ^ ' ^ ' y = E oKO'zV = (r + lO + r 1) + ... 
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is one of the main generators of the graded ring of weak Jacobi forms (see 
|EZj . |G4j ) . We note that 0o.i is the elhptic genus of Enriques surfaces and 
2(;^o,i is the elhptic genus of K3 surfaces. For any (/)p G Jq^{T(){p)) we have 

m>l 

where c^p{n, I) and /(n, /) are the Fourier coefficients of (/)p and TrsL2(z) 
at infinity. 

Let us consider V3 {N = 2) and V2 {N = 3). By comparing the Fourier 
expansions we conclude that 

00,1 = TrsL,(z)<A2 = 4(eS5)2 + 4(e£V + ^{&, 

^0,1 = T^-sL.(z)03 = 3(^^45) + 3(eg^g) + 3(eS:^Jeg) + 3(eS5eS)- 

Moreover 

Jo"i(ro(2)) = (00,1, 02>c and Jo^i(ro(3)) = (0o,i, 03>c. 
Therefore for p = 2 or 3 

Exp(-L0 (Z)) = Jl (|]^_gV5Pm^c^p(""i,O|^]^_^pn^p«gPmp(a("m,O-C0p(nm,O) 
m>l 

where a{n,l) is the Fourier coefficient of 0o,i- 

Using this approach we can easy calculate the product formulae for new 
reflective modular forms of weight 2 for ro(2), weight 3 for ro(3), weight 
3/2 and 7/2 for ro(4) and weight 1 for r2(2): 

A5(2Z) A2(2Z) V3(2Z) A5(2Z) 

VsiZ)' Q,{Z)' V3/2(^)' V3/2(^) 

and 

A^iZ) A^iZ) A2{Z) V3{Z) A^iZ) 



Vsizy V2(Z)' Qi(Z)' V3/2(Z)' V3/2(Z)- 

The dd-modular forms and all these reflective modular forms are related to 
Lorentzian Kac-Moody super Lie algebras of Borcherds type. This object 
will be similar to the algebras constructed in |GNlj - [(jrN4j . We are planning 
to consider them in a separate publication. 

Using the formula A5 = -B^q ^ (see |GN21 (2.16)]) and the trace formula 
for (p2, we deduce an infinite product expansion 

A5{Z) _ r/(T)8 -j-j- /l_gVs"^^""^'""''^"'^2("'"'0) 
VsiZ) ~ r7(2r)4 li l^T^V^ 

m>l 
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where a{n,l) and C(f,^{n,l) are respectively the Fourier coefficients of (/Jq,: 
and (j)2 at oo. For = 3 we obtain 



^5{Z) _ rjijf -pj _ n J m-.b{nm,l)(. _ fin 31 „im\-\b{nm,l) 

V2(Z) - r/(3r)3 ^"-^ ) [i q r s ) 

where b{n,l) = a{nm,l) — C(f,^{nm,l). The both modular forms are holo- 
morphic because the divisor of A^{Z) is larger than the divisor of V3{Z) or 
^2(2). They are non-cusp forms because the zeroth Fourier- Jacobi coeffi- 
cient is non zero. 

Analyzing the examples of the reflective modular forms constructed above 
and in [GN2j - [GN3] we see that the first non-zero coefficient of the Taylor 
expansion of a reflective form F at z = is an 77-product or an r/-quotient 
of the type considered by J. McKay and Y. Martin (see [Ma]). We can 
assume that every r]-quotients of this type is the first coefficient of a Taylor 
expansion of some power of a reflective modular form. 

The reflective modular forms in the first line above are more regular. 
Then we have 

^5(2^) _ ^ ^^^ -j-j- ^^_^2n^2l^2m^^{a{nm,l)+c^2(nrn,l))^'^_^n^l^myc^^(nm,l) 

where 



m>l 



r?(2T)5^(2T,2z) 



' 2 



is a Jacobi cusp form of weight 2 with a character of order 2. More exactly, 
X2{{2cd)) = X2([A,^;0]) = (-1)^. This reflective form and its 

square are the lifting of the first Fourier-Jacobi coefficient 



^=Lift(0,.)EM,(rJ^) 



^-Lift(0^i)EM4(r^^^(2)). (31) 
We have a similar formula for N = 



V3(Z)i 



^ = L.ttfe,)s=M3(rf(3),(!55i^)) (32) 



where 



<A3,i(r,z)=r?(3r)6!^|ll|£lG J3,i(ro(3),(^ 



m>l 
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For = 4 we get two new traced functions defined by (pi = 2.^2^^^ ^2^3. They 
axe 

•^o,! = TrsL2(z)04 and (p2 = Trro(2)04 = ^ MoM. 

Mero(4)\ro(2) 

To get the second identity we take into account that dim J(^^(ro(2)) = 2. 
So we are able to write the infinite product expansions for the four reflective 
modular forms of type A5/V3/2 and V3/V3/2 from our list using the Fourier 
coefficients of 0o,ii 02 and 04 at infinity. 

We finish with the case N = 2 and t = 2. In order to construct Qi we 

(2) 

used = 2^^ q{t, 2z). As before, we get only one new traced function 

00,2 = TVgL,(2)V' = V + 2eS(r, 2z) + 2£!il{T, 2z) 

where 0o,2 S >^o'2(SL2(^)) is the second generator of the graded ring of the 
weak Jacobi forms of weight with integral Fourier coefficients (see |GN21 
(2.18)] and [G4j ) . Then we get a refiective holomorphic modular form of 
weight 1 with respect to r2(2) < r2 

A2(Z) ??(r)*^ /i_ qn^lg2m\\iMnm,l)-c^{nm,l)) 



n 



Qi{Z) r/(2r)2 ii^ yi + qnj.ls2m 

n,l£Z 

where a2{n,l) is the Fourier coefficient of 0o,2- In the same way we obtain 
that 



^^^ = 01 i(Z) TT (l_g2„^2^^4m^i(a2(nm,0+c^(nm,Z)).^_^n^Z^2m^- 

Qi{Z) ''2 J-J- 



where 



■c^ (nm,l) 



0i^.(r,z) =7?(2r)r,(r)^^i^^ G J,^x (ro(2), X4). 

This reflective modular form of weight one has elementary Fourier coeffi- 
cients like Qi. The character of 0, 1 is given by the following formula 

^' 2 

Xa{M) = e^(^'^+'^-i) 

for M = (lE,^) e ro(2). Then we have ri(8,4) C Ker(x4) so g = 4. We 
also have 

(0iiU[A,^;O]) (r,z) = (-1^01 i(r,z). 

\ '2 2 / '2 

Then we obtain that ^^"^z) ~ Lift(0-^ 1). This is not a cusp form because 
0i_i(t,z) = ii9S'J(r,z)^?g(r,0). For (a, 8) = 1, we have = (^) 
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then we deduce as for Qi that 



^ Ar>l n,me4N+l a\{n,l,m) ^ ^ 

2nm-f=N'^ 
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